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We study linear vibrational modes in finite isostatic Maxwell lattices, mechanical systems where the number
of degrees of freedom matches the number of constraints. Recent progress in topological mechanics exploits
the nontrivial topology of BDI class Hamiltonians in one dimenson and arising topological floppy modes
at the edges. A finite frame, or zero-dimensional system, also exhibits a nonzero topological index according to
the classification table. We construct mechanical insulating models in zero dimensions that complete the BDI
classification in the available real space dimensions. We compute and interpret its nontrivial invariant Z2.
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I. INTRODUCTION
Zero-dimensional Hamiltonians describe systems with a
finite number of energy levels. The classification table for
insulators and superconductors [1–3] shows that there are five
topological classes with nontrivial topology in zero dimen-
sions. This means there is not a continuous transformation
between any two Hamiltonians in each class. Three out of these
five classes with nontrivial topology are A, AI, and AII classes,
whose topological invariant in zero dimensions is the number
of occupied levels. Two systems of the same dimension will be
topologically equivalent if they have the same number of filled
levels, otherwise an interpolation between the two must have a
zero level or a gap closing. For superconducting quantum dots,
level crossing in the D class [4] is protected by fermion parity
[5–7]. For the BDI class, we show the crossings are protected
by sublattice symmetry.
The existence of a nontrivial one-dimensional (1D) topo-
logical invariant in the BDI class has been exploited to study
isostatic Maxwell lattices. Topology plays an important role in
these elastic systems, giving rise to topologically protected
phonon-edge modes at zero frequency (or floppy modes).
Maxwell lattices appear in nature in systems such as fiber
networks [8] and jammed packings [9], as well as in artifi-
cial metamaterials as mass-spring systems (including other
mechanical devices), both insulators and Weyl semimetals
[10–21].
Isostatic lattices have the same number of constraints as
degrees of freedom; therefore we may say they are at the
verge of mechanical instability. The equilibrium matrix, Q, is
a square matrix and physically meaningful [10,11]. Q relates
tensions of springs in mass-spring models with forces in each
degree of freedom. Its transpose C = Qt , the compatibility
matrix (also called the rigidity matrix), relates the displacement
of the degrees of freedom with the springs’ elongation. We can
define a Hamiltonian which contains more information than
the dynamical matrix, D, of the elastic system as follows:
HC =
(
0 C
Ct 0
)
. (1)
The square of the Hamiltonian is as follows:
H 2C =
(
˜D 0
0 D
)
, (2)
where ˜D = CCt is the dual partner of D = CtC. The topo-
logical information is lost in the dynamical matrix, a regular
method for studying elastic systems. We need to turn to a
compatibility matrix or an equilibrium matrix to consider the
topology of the systems and the propagation of protected edge
modes. The construction of HC guarantees chiral symmetry.
Moreover, the reality condition in real space of the com-
patibility matrix, C(k) = C∗(−k), imposes the time-reversal
symmetry squaring to 1. Or in zero dimensions, C = C∗. This
Hamiltonian belongs to the BDI class. The classification table
[1–3] displays integerZ, a topological index for 1D (Kane and
Lubensky’s chain [10]), and integer Z2, a topological index
for 0D.
In this paper we provide a zero-dimensional topological
invariant and we interpret the meaning of the topological
transition in quantum dots and mechanical systems in the
BDI class. On the phononic side, a zero-dimensional Maxwell
lattice would imply that there are no degrees of freedom (dof),
providing the usual equation used in the literature: Ndof =
dNsites. However, we define a zero-dimensional Maxwell
lattice as a mechanical lattice with a finite number of degrees of
freedom. We design Maxwell lattices with 1 degree of freedom
per site, but this is not necessarily the case when defining a
zero-dimensional mechanical system. We choose to focus on
two specific Maxwell lattices in zero dimensions withNdof = 2
and 3, and we complete the table of mechanical topological
insulators. The rest of this paper is organized as follows. In
Sec. II we compute the topological index for a general BDI
Hamiltonian together with a physical interpretation. In Sec. III
we study two illustrative examples for electronic quantum
dots, and in Sec IV we design gapped materials in zero
dimensions with different topological indexes and translate
previous interpretation’s findings into these elastic and isostatic
systems.
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II. ZERO-DIMENSIONAL TOPOLOGICAL
INVARIANT IN BDI CLASS
The computation of the zero-dimensional topological index
is explained below.
Method 1. From a Hamiltonian with chiral symmetry
we define the matrix C as the block off-diagonal part [the
compatibility matrix in mechanical systems as in Eq. (1)].
The procedure to determine if two Hamiltonians, H1 and H2,
belong to different topological classes consists of construct-
ing an interpolation between C1 and C2, the limits being
˜C(t = 0) = C1 and ˜C(t = π ) = C2. An interpolation such as
˜C(t) must fulfill the constraints imposed by the class BDI:
˜C(t) = ˜C∗(−t). (3)
Now we upgrade the parameter t to a momentum, k. As if we
were dealing with a 1D system in BDI ˜C(k), we compute the
corresponding topological invariant,
ν1 = i2π
∫
BZ
Tr( ˜C(k)−1∂k ˜C(k))dk, (4)
where ν1 is an integer and the topological invariant in zero
dimensions is defined as
ν0 = (−1)ν1 . (5)
This method seems to contain certain ambiguities in the
interpolation we chose. Two different interpolations can indeed
give different winding numbers ν1. However, Ref. [22], where
a similar computation is provided, includes a proof of ν1 that is
well defined up to mod 2. Therefore, ν0 is independent of the
interpolation. In order to have an absolute index, we can set
C1 to a fixed matrix (the identity matrix) and determine if C2
is trivial or not with respect to the identity. Notice the identity
matrix will have ν0 = 1.
As we mention above, a similar version for this computation
is given in Ref. [22] for electronic systems. Instead of working
with the C matrix, Ryu et al. [22] define q as the block off-
diagonal part of the spectral projection onto the filled Bloch
states:
R = 1 − 2
Nfilled∑
i
|ui〉 〈ui | =
(
0 q
q† 0
)
. (6)
Both methods are consistent and give the same result.
We keep the compatibility matrix representation, due to its
meaning in mechanical systems.
Method 2. We define a physical property equivalent to the
above-defined invariant ν0. We relate the Hamiltonian to the
sublattice symmetry of its occupied levels. We find that
the relative phase between sublattices within eigenvectors is
what changes at the topological transition.
By construction HC [Eq. (1)] is chiral symmetric,
PHC = −HCP , where the symmetry operator in the ba-
sis in which the Hamiltonian in block off-diagonal reads
P = σz ⊗ I . (We work here with isostatic systems, or in other
words with square off-diagonal blocks.) This intrinsic symme-
try guarantees levels come in pairs ±E with eigenvectors,
∣∣ψ (j )± 〉 =
(
ψ
(j )
a
±ψ (j )b
)
, (7)
where a and b label the two sublattices and j = {1, . . . ,NC}
enumerates the levels (NC is the dimension of the C matrix).
For illustrative purposes, let us assume the off-diagonal part
of the Hamiltonian is symmetric, C = Ct , and therefore is
diagonalizable in real space, with nondegenerate eigenvalues.
Then, the Hamiltonian and eigenvectors can be written as
H = σx ⊗ q and
|ψ (j )± 〉 =
(
ψ
(j )
C
±ψ (j )C
)
, (8)
respectively, with the corresponding energies ±E(j )C . The
subindex C means they are the eigenvalues and eigenvectors
of the C matrix. The superindex j enumerates C-matrix
eigenvalues. For symmetric C, ψ (j )a = ±ψ (j )b for each |ψ (j )± 〉.
At the level crossing, the last occupied level j = NC
changes the sign of energy E(NC )C , and the occupied level will
be, after the transition, the one with the opposite sublattice
phase. Unlike other zero-dimensional Hamiltonians, topologi-
cal transitions in the BDI class do not require an open system.
In order to keep track of such phase changes in the last
occupied level we define nNC for the last occupied band near
the transition as
nNC = 2
〈
ψ
(NC )
C
∣∣± ψ (NC )C 〉 = ±1, (9)
which changes sign at the transition. The factor of 2 is needed
for normalization. Notice that two successive changes of the
sign return the invariant to the initial value and thus the system
to the same topological phase. Therefore, there are only two
different phases (Z2). Away from the transition, there may be
other crossings at nonzero energy between levels, where the
last occupied band can also change its sublattice phase.
In order to avoid counting those phase changes and extrap-
olating this result for nonsymmetric C matrices, we need to
define an index that keeps track of the transitions. In general
ψa and ψb are independent, and
nj =
〈
ψja
∣∣± ψjb 〉 (10)
is a continuous quantity and no longer restricted to two values.
nj will have divergent derivatives at the transitions, when
ψ
j
b → −ψjb .
We work with the single-value decomposition of the com-
patibility matrix, C = UV t . Since C is a real matrix, U and
V are orthonormal matrices and their product,UV t , is uniquely
defined for nondegenerate single values, . The subgroup of
orthogonal matrices with the determinant +1 is disconnected
from the set of the determinant −1. Because at the transition
a permutation of two eigenvectors occurs (|ψ±〉 → |ψ∓〉), the
determinant of UV t captures the essence of the topological
transition in zero dimensions for an arbitrary compatibility
matrix. Notice the index will be 1 when C is the identity
matrix. Information about all energy levels is contained in the
orthogonal matrix UV t . For AIII Hamiltonians, the reality
condition of the off-diagonal blocks is not necessary; the
analog UV † is a unitary matrix with continuous values of its
determinant.
Moreover, n0 = det(UV t ) is well defined in each topolog-
ical phase and only changes at the topological transition as
computed with Eqs. (4) and (5), n0 = ν0.
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FIG. 1. (Left) Quantum dot model in the BDI topological class
with two sites and two sublattices. The C matrix is 2×2. (Right)
Quantum dot model in the BDI topological class with three sites
and two sublattices. The C matrix is 3×3. The hopping intensity
is represented by line width. The sign is positive for solid lines
and negative for dashed lines. A double line represents the varying
parameters in our examples. A and B label the sublattices.
III. ELECTRONIC QUANTUM DOT
We test computation methods of the topological invariant
with electronic systems. We construct Hamiltonians with
chiral symmetry in the BDI class, vary a hopping parameter,
and study the topological phases. The Hamiltonians can be
engineered into an electronic quantum dot with appropriate
hoppings. We save the mechanical interpretation for models
based on real elastic constraints.
A. Example: Symmetric C
Let us take a 2×2 C matrix,
HC =
⎛
⎜⎝
0 0 a b
0 0 b c
a b 0 0
b c 0 0
⎞
⎟⎠, (11)
with 0.5 and c = 1. We study the system for several values of
a. Here a is the hopping between site 1 from lattice A (B) to
lattice B (A), and it is treated as the driving parameter. A simple
cartoon of this model is depicted in Fig. 1 (left-hand panel).
The spectrum is shown in Fig. 2. We compute the topological
index for each value of a with both methods described above.
In Method 1, we use the interpolation
˜C(k) = 12 (C + I ) + eik 12 (C − I ). (12)
Notice it fulfills the limit conditions for k = 0 and k = π , and
it also satisfies C(k) = C∗(−k).
Method 2 provides a major insight. Given the eigendecom-
position of the C matrix,
E∓C = 12 (a + c ∓
√
(a − c)2 + 4b2), (13)
and UC , the Hamiltonian HC eigendecomposition is EH =
±E∓C , and
UH = 1√
2
(
1 1
−1 1
)
⊗ UC = 1√
2
(
UC UC
−UC UC
)
. (14)
Here UH columns from 1 to NC are the eigenvectors corre-
sponding to −E∓C and its sublattice symmetry is |ψ−〉 [Eq. (8)],
while columns from NC + 1 to 2NC correspond to E∓C and
FIG. 2. Solid lines represent the four energy levels of the zero-
dimensional quantum dot with symmetric C as a function of a.
The “x” symbols represent the computation of the topological index
with Method 1. The dashed line represents the computation of the
topological index with Method 2.
its sublattice symmetry is |ψ+〉 [Eq. (8)]. At the transition
two eigenvalues switch sign and the occupied level changes
discontinuously from |ψ±〉 to |ψ∓〉. The sublattice symmetry
protects the level crossing and the last occupied level changes
sublattice symmetry as explained in Sec. II. The permutation
of two columns change the sign of the determinant of UH .
Below, we see how UC relates with the rotation matrices of the
single-value decomposition.
For a = 1, both eigenvalues are positive and, therefore,
equal to the single values. The single-value rotation matrices
U and V are the same as the matrices of the eigenvectors.
In that case, UV t = I and the Hamiltonian HC has the same
topology as the identity matrix. As the value of a is decreased,
E−C changes sign; by definition the single values are always
positive and this difference is captured by the rotation matrices.
Namely, det(UV t ) = −1 if the signs of the two C-matrix
eigenvalues are different.
Results from the two methods are shown in Fig. 2. In the
range of parameters explored, E−C = 0 changes sign for ac =
b2
c
= 0.25. Both methods agree. For a > ac, the Hamiltonian
HC is topologically equivalent to the identity matrix and n0 =
ν0 = 1, whereas for a < ac the Hamiltonian is nonequivalent
and n0 = ν0 = −1.
B. Example: Nonsymmetric C
We use a 3×3 random matrix whose hoppings are depicted
in Fig. 1 (right-hand panel). We vary the first term of the
diagonal (hopping between site 1 in the two sublattices) and
study the topological phases. Crossings at zero energy signal
a topological transition. Results of the energy levels and
topological index are shown in Fig. 3. Notice that avoiding
crossings occurs ata = 0.52, the two noncrossing levels are not
protected by any symmetry. In Fig. 4, we plot the determinant
of ˜C(k) according to Method 1 and using the interpolation of
134118-3
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FIG. 3. Solid lines represent the four energy levels of the zero-
dimensional quantum dot with a nonsymmetric C matrix as a function
of a. The “x” symbols represent the computation of the topological
index with Method 1. The dashed line represents the computation of
the topological index with Method 2.
Eq. (12). An “x” symbol signals ˜C(k = 0) = C; also ˜C(k =
±π ) = I = 1.
IV. MECHANICAL CASE
In this section we propose a mechanical topological insula-
tor in 0D and study the meaning of its phases. Unlike electronic
systems in which nonzero hoppings might appear within the
same sublattice, chiral symmetry in mechanical systems is
exact by definition [see Eq. (1)].
A. Model
We propose a 3×3 compatibility matrix, therefore we have
three constraints and three degrees of freedom dof. The model
is depicted in Fig. 5. It consists of three masses constrained
to move in a single direction (along the tubes in which each
one is contained). Each mass is attached to the other degrees of
FIG. 5. Mechanical model in zero dimensions. The three masses
are represented by circles shaded with a checkerboard pattern and are
constrained to move in a single direction. Equilibrium is determined
by a, α1, α2, α3, and θ .
freedom by a spring; all of them have the same elastic constant.
The degrees of freedom are δx, positive in the direction of the
corresponding arrow. The equilibrium is defined by the angle
of spring 3 respect to the angle of spring 1, θ , and the distance
a (see Fig. 5). The equilibrium positions are⎧⎨
⎩
	R1 = (0,0),
	R2 = (a,0),
	R3 = a2 [cos(θ ), sin(θ )],
(15)
and the displacements are
	δxi = δxi[cos(αi), sin(αi)], (16)
where α1 = π3 , α2 = 2π3 , and α3 = π2 . The bond directions are	bi = ( 	Ri+1 − 	Ri)/li , with li = | 	Ri+1 − 	Ri | and 	R4 = 	R1.
We can write the compatibility matrix as
C =
⎛
⎝ 	u1 · 	b1 −	u2 · 	b1 00 	u2 · 	b2 −	u3 · 	b2
−	u1 · 	b3 0 	u3 · 	b3
⎞
⎠, (17)
where 	ui = ∂	δxi∂δxi .
FIG. 4. Winding of determinant ˜C(k) as described by Method 1, for different values of a: (right-hand panel) a = −1 and (Left-hand panel)
a = 1. The “x” symbol signals k = 0. The “o” symbol represents the origin.
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FIG. 6. Energy levels of the mechanical Maxwell lattice in zero
dimensions as a function of θ . The “x” symbols denote the computa-
tion of the topological index with Method 1. The dashed dashed line
denotes the computation of the topological index with Method 2.
In Fig. 6 the energy levels of the mechanical system are
shown [the negative energies arise from the Hamiltonian
construction (1)]. We compute the topological index of
two zero-dimensional Hamiltonians. Using the interpola-
tion function Eq. (12) (method 1) and also Method 2, the
two possible topological phases appear. Transitions occur at
θ = {−0.8π,−0.2π,0,π} as can be seen in Fig. 6.
B. Interpretation
The two sublattices in the mechanical case represent differ-
ent quantities: positions and tensions or forces and elongations.
The sign of positions and forces specifies the direction of
displacement with respect to the equilibrium position, the sign
of elongation specifies extension or contraction, and the sign
of tension determines whether the spring pulls or pushes a
mass. They are all interconnected, and the information in
the Hamiltonian, by construction, is duplicated. A different
sublattice phase informs us whether a displacement along a
normal mode will cause a combination of elongations, forces,
and tensions in one sense or the opposite.
In the following, elongations, forces, tensions, and displace-
ment will be represented by e, f , t , and x, respectively. All
elongations of the system are described in a column vector,
e = (e1,e2,e3)t . The enumeration is described in Fig. 5, spring
enumeration is used for elongations and tensions, and mass
enumeration is used for positions and forces.
The energies are given in pairs, so let us write the two
equations extracted from the diagonalized version of the
Hamiltonian. First,
(
e
−f
)
= HC
(
t
x
)
, (18)
and after diagonalization
UtH
(
e
−f
)
= ˆEUtH
(
t
x
)
, (19)
where ˆE is a diagonal matrix with the diagonal (−|E3|,−|E2|,
−|E1|,|E1|,|E2|,|E3|) and |E1| < |E2| < |E3|. Writing the
equation for a pair of opposite energies, ±Ej , we get
ψ (j )a e = Ejψ (j )b x,
ψ
(j )
b f = −Ejψ (j )a t, (20)
where [(ψ (j )a )t ,±(ψ (j )b )
t ]
t
is the column of UH corresponding
to the eigenvalues ±Ej . Notice that in the previous equation
we lose the information about the relative phase between ψ (j )a
and ψ (j )b because the sign will change both in ψ
(j )
b and energy
Ej .
We can prove these equations. First, if we move the masses
according to ψ (j )b ,
	Xi = 	Ri +  	uiψ (j )b (i), (21)
where  is a small positive number compatible with a linear
regime, and we excite a mode with the energy +|Ej |. The
elongations caused by this displacement are ei ∼ ψja (i) and
not the opposite. The proportional factor is +|Ej |. At the
transitions, the elongation relative phase changes abruptly.
Second, if we apply a tension to bonds according to ψ (j )a ,
	ti = ψ (j )a (i)	bi, (22)
we produce a force in each mass of
fi = (ti 	bi − ti−1 	bi−1) · 	ui, (23)
which is proportional to fi ∼ −ψ (j )b (i) and not the opposite.
The proportional factor is +|Ej |.
We need positive and negative energy equations in order
to solve the system. Therefore, they are not different states
(occupied and empty) as in electronics. With the dynamical
matrix we will only know ψ (j )b , and with its dual partner we
will extract ψ (j )a as well. We could also check the equations of
motion with the Lagrangian approach:
L =
∑
i
1
2
mx˙i
2 − 1
2
κ(xi − xi+1)2. (24)
From Euler-Lagrange equations we can derive a matrix relating
forces with displacement (Hook’s law):
f =
⎛
⎝ −2 	u1 · 	u2 	u1 · 	u3	u2 · 	u1 −2 	u2 · 	u3
	u3 · 	u1 	u3 · 	u2 −2
⎞
⎠x. (25)
If x = ψ (j )b , f ∼ −ψ (j )b , as expected.
Now, we make connection with topological mechanics
literature. In higher dimensions topological zero-energy edge
states appear as a consequence of the Z invariant in 1D. The
zero modes and its dual partners, the states of self-stress, are of
recent interest. From a fundamental point of view, they are
the main signature of topological mechanics. In applications,
they control the response to stress [17], can contribute to the
control of fracture [23], and are used to design mechanical
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FIG. 7. Zero eigenvalues of HC at θc = −0.8π . The zero mode is
indicated by arrows (length and width are proportional to the normal
mode displacement) and the state of self-stress is indicated by solid
(+) and dashed (−) thickened lines.
diodes. In our model when a phononic energy level goes to
zero, because energy levels in HC appear in pairs, ±E, they
are degenerate and the two eigenvectors can be written with
nonzero terms in one of the sublattices only: |ψSSS〉 = (φa,0)t
and |ψ0〉 = (0,φb)t . In Maxwell lattices, these modes are
called states of self-stress (SSS) and zero or floppy modes,
respectively [10,11]. The eigenvector ψ0 means that a certain
combination of displacements does not cause the elongation
of any spring, and therefore there is no elastic energy. ψSSS
means that a combination of tensions in springs does not cause
a net force (see Fig. 7). We can express these two eigenvectors
in the symmetric and antisymmetric bases [Eq. (7)]:
ψ± = 1√
2
(ψ0 ± ψSSS), (26)
where a combination of displacement and elongations will
be the mode of the mechanical Hamiltonian that acquires
energy away from the transition and the same combination
of tensions will cause the opposite combination of forces as
explained above. It is worth mentioning that the dynamical
matrix D = CtC only contains information on the normal
modes, or displacements ψb, and its dual partner ˜D = CCt
only contains information on “normal tensions,” ψa . But it
is HC which contains the relative phase between the two, the
topological information.
V. CONCLUSIONS
In this paper we design a zero-dimensional mechanical
insulator at the verge of mechanical instability with nontrivial
topological properties. Isostatic frames can be studied with
a Hamiltonian construction based on the square root of the
dynamical matrix D and its superpartner ˜D [10]. The BDI
class in real space dimensions only has a topological invariant
in zero dimensions and one dimension. Being the last one, the
1D-chain analog to SSH [10] together with extensions to higher
dimensions, the most studied. We complete the table with a
feasible example in zero dimensions and explain the meaning
of the topological invariant in both electronic and mechanical
systems. BDI Hamiltonians have energies in pairs, ±E. Due
to their different sublattice symmetries, level crossing at zero
energy is allowed, according to von Neumann-Wigner theorem
of quantum mechanics. At the zero-energy level crossing,
quantum dots’ occupied states change the sublattice symmetry,
signaling a topological transition. In mechanical frameworks,
the two sublattices correspond to different physical quantities
(mass displacement and bond elongation or bond tension and
mass net force) and their interplay gives rise to different
topological phases.
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